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Abstrat
We write down a quantum gravity equation whih generalizes the Wheeler-DeWitt one
in view of inluding a time dependene in the wave funtional. The obtained equation
provides a onsistent anonial quantization of the 3-geometries resulting from a gauge-
xing (3 + 1)-sliing of the spae-time.
Our leading idea relies on a ritiism to the possibility that, in a quantum spae-time,
the notion of a (3 + 1)-sliing formalism (underlying the Wheeler-DeWitt approah) has
yet a preise physial meaning.
As solution to this problem we propose of adding to the gravity-matter ation the so-
alled kinematial ation (indeed in its redued form, as implemented in the quantum
regime), and then we impose the new quantum onstraints.
As onsequene of this revised approah, the quantization proedure of the 3-geometries
takes plae in a xed referene frame and the wave funtional aquires a time evolution
along a one-parameter family of spatial hypersurfaes lling the spae-time.
We show how the states of the new quantum dynamis an be arranged into an Hilbert
spae, whose assoiated inner produt indues a onserved probability notion for the
3-geometries.
Finally, sine the onstraints we quantize violate the lassial symmetries (i. e.
the vanishing nature of the super-Hamiltonian), then a key result is to nd a (non-
physial) restrition on the initial wave funtional phase, ensuring that general relativity
outomes when taking the appropriate lassial limit. However we propose a physial
interpretation of the kinematial variables whih, based on the analogy with the so-alled
Gaussian referene uid, makes allowane even for suh lassial symmetry violation.
1 General Statements
It is ommonly believed that the anonial methods of quantization, in spite of their
suessful preditions on many elementary partiles phenomena (it stands up the great
agreement of quantum eletrodynamis with experimental data), nevertheless they an
not be extrapolated up to arbitrarily high energies (i. e. arbitrarily small distanes),
when the granular nature of the elds and their interation with the underlying spae-
time are expeted to be important.
Indeed this point of view is onrmed by the large number of renormalization proedure
are required to get satisfatory preditions already on Minkowski spae and moreover by
the inonsistenies or ambiguities haraterizing the anonial quantization of matter
eld when referred to a urved spae-time [1℄.
The implementation of the anonial formalism to the gravitational eld quanti-
zation, leads to the so-alled Wheeler-DeWitt equation (WDE) [2, 3℄, onsisting of a
funtional approah in whih the states of the theory are represented by wave funtion-
als taken on the 3-geometries and, in view of the requirement of general ovariane, they
do not possess any real time dependene.
Due to its hyperboli nature, the WDE is haraterized by a large number of unsatisfa-
tory features [4℄ whih strongly support the idea that is impossible any straightforward
extension to the gravitational phenomena of proedures well-tested only in limited ranges
of energies; however in some ontexts, like the very early osmology [6, 5℄ (where a suit-
able internal time variable is provided by the universe volume) the WDE is not a dummy
theory and give interesting information about the origin of our lassial universe, see [7℄,
whih may be expeted to remain qualitatively valid even for the outoming of a more
onsistent approah.
Over the last ten years the anonial quantum gravity found its best improvement in
a reformulation of the onstraints problem in terms of the so-alled Ashtekar variables,
leading to the loop quantum gravity theory [9, 8℄; this more reent approah overomes
some of the WDE limits, like the problem of onstruting an appropriate Hilbert spae,
but under many aspets is yet a theory in progress.
The aim of this paper, more than to be the answer to the hard question whether
anonial quantum gravity has some preditive issue, onerns a ritiism on a funda-
mental ansatz on whih is based the whole formalism: the ansatz we ritiize is that, in
a fully ovariant quantum theory has yet meaning to speak of an Arnowitt-Deser-Misner
(ADM) formalism [10, 3℄ to perform a (3 + 1)-sliing of the spae-time (as impliitly
assumed in the WDE approah).
Indeed, the spae or time harater of a vetor, in partiular of the normal to a 3-
hypersurfae, is sensitive to the metri eld and an not be denite preisely when the
gravitational eld is in a quantum state (unless we onsider simply a perturbation the-
ory).
By other words we laim that the quantization proedure does not ommutes with the
spae-time sliing operation; therefore only two approahes appear to be aeptable and
self-onsistent (see also the beginning of Setion 4):
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i) The requirement of a ovariant quantization of gravity is preserved, but any sliing of
the spae-time prevented,
ii) The sliing representation of the spae-time is allowed, but any notion of full ovari-
ane given up.
The rst point of view was addressed in [11℄ and nd a promising development in the
reent issue of the so-alled spin foam formalism [12℄.
The analysis here presented addresses the seond point of view as leading statement and
by using the disussion of the anonial methods of quantization presented in [13℄, as a
fundamental paradigm, we get a reformulation of the WDE whih overomes many of
its shortomings.
In [13℄ is provided a wide disussion about the anonial methods of quantization
as referred to dierent systems (with a satisfatory guide to the previous literature on
this subjet) in order to onstrut a quantum geometrodynamis on the base of its
similarities and dierenes with other theories (for a valuable and more reent review
on the anonial quantum gravity and the related problem of a physial time see [14℄.
Of partiular interest is to be regarded for our purposes the analysis onerning the
quantum theory of matter eld on a xed bakground, whih shows the neessity
of adding the so-alled kinematial ation to ahieve a satisfatory struture for the
quantum onstraints.
Our main statement is that the kinematial term may be retained even in the grav-
itational ase sine in the ADM ation the lapse funtion and the shift vetor an be
thought as assigned (like in the matter eld ase) up to a restrition on the initial
Cauhy problem, i. e. the super-Hamiltonian and super-momentum onstraints have to
be satised on the initial spae-like hypersurfae; indeed to x the referene frame, i.
e. the lapse funtion and the shift vetor, is equivalent to loss the super-Hamiltonian
and the super-momentum onstraints whih (equivalent to the 0− µ-omponents of the
Einstein equations), however, have an envolutive harater, i. e. if satised on the initial
hypersurfae, they are preserved by the dynamial evolution [13℄.
Thus from a lassial point of view, we add the kinematial ation to the gravity-matter
one, but we preserve the general relativity framework simply by assigning a partiular
Cauhy problem. When passing to the quantization proedure we get equations desrib-
ing the evolution of a wave funtional no longer invariant under time displaements (the
invariane under 3-dieomorphisms is yet retained), but therefore haraterized by a
dependene on the hoie of the spatial hypersurfae, i. e. the time variable.
By taking the evolution of the wave funtional along a one-parameter family of spatial
hypersurfaes, lling the spae-time, we show how the spae of the solutions for the wave
equation an be turned into an Hilbert spae and the quantum dynamis an be redued
to a Shrödinger-like approah with an assoiated eigenvalue problem; it is important to
stress that the quantum evolution of the 3-geometries is, at the end, expressed diretly
in terms of the parameter labeling the hypersurfaes (the so-alled label time).
As last but fundamental ahievement we nd the quantum orrespondene of the re-
strition imposed lassially on the Cauhy data to provide general relativity; indeed we
show that if the phase of the initial wave funtional satises the usual Hamilton-Jaobi
equation, then the lassial limit h¯ → 0 always reprodues the Einsteinian dynam-
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is. This feature of the model is ruial for its viability beause ensures that, though
violated on quantum level, the right symmetries (i. e. the vanishing nature of the
super-Hamiltonian) are restored on the lassial limit.
Sine the approah here presented overlap in the formalism the so-alled multi-
time formulation of anonial quantum gravity, as well as its smeared Shrödinger
version,[15, 14℄, it is worth stressing dierenes and similarities. Other important ap-
proahes based on the same (so-alled) embedding variables, and even referred to the
path integral formalism, an be found in [16℄-[18℄ (see also [19℄).
In this well-known quantization sheme, the kinematial variables are identied with
non-physial degrees of freedom of the gravitational eld, extrated by an ADM resolu-
tion of the Hamiltonian onstraints. Thus, unlike for our proposal, where the kinematial
variables are added by hand (as for any other eld), in the multi-time approah, no vi-
olation takes plae of the lassial symmetries.
The main similarity is indeed only the form of the quantum equations beause the
physial and dynamial meaning is made signiantly dierent in view of the dierent
hamiltonian densities (or smeared hamiltonians) respetively involved: in the present
approah we have to do with the super-Hamiltonian, while in the multi-time formalism
with the ADM redued one.
More physial insight is obtained on the nature of the kinematial variables by mak-
ing a parallel between our model and the so-alled Gaussian referene uid [20, 14℄; we
argue that the formalism below developed orresponds to a generalization of the Gaus-
sian ase to a generi referene uid whih an play the role of a physial lok. The
physial haraterization of this uid is provided by analysing the Hamiltonian equations
involving the kinematial variables; as a result we show that to this generi uid an be
assoiated the energy-momentum tensor of a dust.
In Setion 2 we give a review of the quantum theory of the matter eld in the spirit
of the disussion presented in [13℄, whih onstitutes the appropriate line of thinking
for the reformulation of the quantum geometrodynamis developed in Setion 4 and
following a shemati derivation of the WDE approah presented in Setion 3. By
setion 5 we ompare our proposal with the Shrödinger multi-time formalism, devoting
partiular attention to a minisuperspae model. In Setion 6 we give a disussion on the
physial nature of our time variable, based on a generalization of the Gaussian uid lok.
Finally Setion 7 is devoted to brief onluding remarks and provides an appliation of
the proposed quantum gravity theory to a very simple model.
2 Quantum Fields on Curved Bakground
We start by a brief review of the anonial quantization of a matter eld on an assigned
spae-time bakground [1, 13℄.
Let us onsider a four-dimensional pseudo-riemannian manifold M4, haraterized
by a metri tensor gµν(y
ρ) (µ, ν, ρ = 0, 1, 2, 3) (having signature −,+, ,+,+) and per-
form a (3 + 1)-sliing of the spae-time [10, 3℄, by a one-parameter family of spaelike
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hypersurfaes Σ3t : y
ρ = yρ(t, xi) (i = 1, 2, 3), eah of whih dened by a unique xed
value of t. The normal eld to the family of hypersurfaes nµ(yρ) (nµn
µ = −1) and the
three tangent vetors to this family eµi ≡ ∂iyµ (we adopted the notation ∂i( ) ≡ ∂( )/∂xi)
form a referene basis inM4.
Thus we may deompose the so-alled deformation vetorNµ ≡ ∂tyµ (∂t( ) ≡ ∂( )/∂t)
along the basis {n, ei}, i. e.
Nµ ≡ ∂tyµ = Nnµ +N ieµi (1)
where N(t, xi) and N i(t, xi) are respetively alled the lapse funtion and the shift
vetor.
By performing on the metri tensor the oordinates transformation yµ = yµ(t, xi) and
using (1) , the line element rewrites
ds2 = gµνdy
µdyν = −N2dt2 + hij(dxi +N idt)(dxj +N jdt) (2)
where hij ≡ gµνeµi eνj is the metri tensor indued on the hypersurfaes Σ3t . By the
line element (2) we get the expression of the ontravariant normal vetor in the new
oordinates (t, xi), i. e. n = (1/N,−N i/N); by the inverse omponents of the metri
in these same oordinates, i. e. gµν → {−1/N2 N i/N2 hij − N iN j/N2}, we get the
ovariant vetor eld n = (−N, 0). These ontravariant and ovariant expressions for
the normal eld imply respetively nµeiµ = N
i/N and nµe
µ
i = 0
Now, within the ADM formalism, we analyze the quantization of a self-interating
salar eld φ(t, xi) desribed by a potential term V (φ) on a xed gravitational bak-
ground; its dynamis is summarized by the ation
Sφ(πφ, φ) =
∫
M4
{
πφ∂tφ−NHφ −N iHφi
}
d3xdt (3)
where πφ denotes the onjugate eld to the salar one and . the hamiltonian terms
Hφ and Hφi read expliitly
Hφ ≡ 1
2
√
h
πφ
2 +
1
2
√
hhij∂iφ∂jφ+
√
hV (φ) Hφi ≡ ∂iφπφ (4)
being h ≡ dethij . This ation should be varied with respet ro πφ and φ, but not
N , N i and hij sine the metri bakground is assigned; However it remains to speify
the geometrial meaning of the lapse funtion and the shift vetor with respet ro the
spae-time sliing; this aim is reahed by adding to Sφ the so-alled kinematial ation
[13℄
Sk(pµ, y
µ) =
∫
M4
{pµ∂tyµ −Nµpµ} d3xdt (5)
so getting, by (1) the full ation for the system
Sφk ≡ Sφ + Sk =
∫
M4
{
πφ∂tφ+ pµ∂ty
µ −N(Hφ +Hk)−N i(Hφi +Hki )
}
d3xdt (6)
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Hk ≡ pµnµ Hki ≡ pµeµi (7)
In the above ation nµ and hij are to be regarded as assigned funtionals of yµ(t, xi).
Adding the kinematial ation does not aet the eld equation for the salar eld, while
the variations with respet to pµ and y
µ
provide the equation (1) and the evolution of
the kinematial momentum.
Finally, by varying, now even, with respet to N and N i we get the Hamiltonian
onstraints
Hφ = −pµnµ Hφi = −pµeµi (8)
Clearly is to be assigned the following Cauhy problem assigned on a regular initial
hypersurfae Σ3t0 , i. e. y
µ(t0, x
i) = yµ0 (x
i)
φ(t0, x
i) = φ0(x
i) πφ(t0, x
i) = π0(x
i) yφ(t0, x
i) = yµ0 (x
i) pµ(t0, x
i) = pµ 0(x
i) (9)
At last, to omplete the sheme of the eld equations, we have also to speify the
lapse funtion, the shift vetor and the metri tensor hij = hij(y
µ),
This system an be easily quantized in the anonial formalism by assuming the states
of the system be represented by a wave funtional Ψ(yµ(xi), φ(xi)) and implementing
the anonial variables {yµ, pµ, φ, πφ} to operators {yˆµ, pˆµ = −ih¯δ( )/δyµ, φˆ, πˆφ =
−ih¯δ( )/δφ}. Then the quantum dynamis is desribed by the equations
ih¯nµ
δΨ
δyµ
= HˆφΨ =
[
− h¯
2
2
√
h
δ
δφ
δ
δφ
+
1
2
√
hhij∂iφ∂jφ+
√
hV (φ)
]
Ψ ih¯eµi
δΨ
δyµ
= Hˆφi Ψ = −ih¯∂iφ
δΨ
δφ
(10)
These equations have 5×∞3 degrees of freedom, orresponding to the values taken by
the four omponents of yµ and the salar eld φ in eah point of a spatial hypersurfae.
In (10) yµ plays the role of time variable, sine it speies the hoie of a partiular
hypersurfae yµ = yµ(xi).
In view of their paraboli nature, equations (10) have a spae of solutions that, by
an heuristi proedure, an be turned into an Hilbert spae whose inner produt reads
〈Ψ1 | Ψ2〉 ≡
∫
yµ=yµ(xi)
Ψ∗1Ψ2Dφ
δ〈Ψ1 | Ψ2〉
δyµ
= 0 (11)
where Ψ1 and Ψ2 denote two generi solutions and Dφ the Lebesgue measure dened
on the φ-funtion spae. The above inner produt indues the onserved funtional
probability distribution ̺ ≡ 〈Ψ | Ψ〉.
The semilassial limit of this equations (10) is obtained when taking h¯→ 0 and, by
setting the wave funtional as
Ψ = expi
{
1
h¯
Σ(yµ, φ)
}
(12)
6
and then expanding Σ in powers of h¯/i, i. e.
Σ = Σ0 +
h¯
i
Σ1 +
(
h¯
i
)2
Σ2 + ... (13)
By substituting (12) and (13) in equations (10), up to the zero-order approximation,
we nd the Hamilton-Jaobi equations
− nµ δΣ0
δyµ
=
1
2
√
h
(
δΣ0
δφ
)2
+
√
h
(
1
2
hij∂iφ∂jφ+ V (φ)
)
eµi
δΣ0
δyµ
= −∂iφδΣ0
δφ
(14)
whih lead to the identiation Σ0 ≡ Sφk.
3 The Wheeler-DeWitt Equation
Now we briey reall how the Wheeler-DeWitt approah [2, 13℄ faes the problem of
quantizing a oupled system onsisting of gravity and a real salar eld, whih implies
also the metri eld now be a dynamial variable. The ation desribing this oupled
system reads
Sgφ =
∫
M4
{
πij∂thij + πφ∂tφ−N(Hg +Hφ)−N i(Hgi +Hφi )
}
d3xdt (15)
where πij denotes the onjugate momenta to the three-dimensional metri tensor hij
and the gravitational super-hamiltonian Hg and super-momentum Hgi takes the expliit
form
Hg ≡ 16πG
c3
Gijklπ
ijπkl − c
3
16πG
√
h3R Gijkl ≡ 1
2
√
h
(hikhjl + hilhjk − hijhk) (16)
Hgi ≡ −23∇jπji (17)
In the above expressions
3R and 3∇( ) denote respetively the Rii salar and the
ovariant derivative onstruted by the 3-metri hij , while G is the Newton onstant,
Sine now N and N i are, in priniple, dynamial variables, they have to be varied, so
leading to the onstraintsHg+Hφ = 0 andHgi +H
φ
i = 0 whih are equivalent to the µ−0-
omponents of the Einstein equations and therefore play the role of onstraints for the
Cauhy data. It is just this restrition on the initial values problem, a peuliar dierene
between the previous ase, at xed bakground, and the present one; in fat, now, on the
regular hypersurfae t = t0, the initial onditions {φ0(xi), π0(xi), hij 0(xi), πij 0(xi)}
an not be assigned freely, but they must verify on Σ3t0 the four relations {Hg+Hφ}t0 =
{Hgi +Hφi }t0 = 0.
Indeed behaving like Lagrange multipliers, the lapse funtion and the shift vetor
have not a real dynamis and their speiation orresponds to assign a partiular sliing
ofM4, i. e. a system of referene.
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In order to quantize this system we assume that its states be represented by a wave
funtional Ψ({hij}, φ) (the notation {hij} means all the 3-geometries onneted by a
3-dieomorphism ) and implement the anonial variables to operators ating on this
wave funtional (in partiular we set hij → hˆij , πij → πˆij ≡ −ih¯δ( )/δhij).
The quantum dynamis of the system is then indued by imposing the operatorial trans-
lation of the lassial onstraints, whih leads respetively to the Wheeler-DeWitt equa-
tion and to the supermomentum onstraint one [2℄:
(Hˆg + Hˆφ)Ψ = 0 (Hˆgi + Hˆ
φ
i )Ψ = 0 (18)
whih to be expliited requires a spei hoie for the normal ordering of the oper-
ators.
Due to its hyperboli nature this formulation of the quantum dynamis has some
limiting feature [4℄ , whih we summarize by the following four points:
i) It doesn't exist any general proedure allowing to turn the spae of the solutions into an
Hilbert one and so any appropriate general notion of funtional probability distribution
is prevented.
ii) The WDE doesn't ontain any dependene on the variable t or on the funtion yµ, so
loosing its evolutive harater along the sliing Σ3t . Moreover individualizing an internal
variable whih an play the role of time  is an ambiguous proedure whih doesn't lead
to a general presription.
iii) The natural semilassial limit, provided by a wave funtional of the form
Ψ({hij}, φ) = expi
{
Σ({hij}.φ)
h¯
}
(19)
leads, up to the zero order of approximation Σ ≡ Σ0({hij}, φ), to the right Hamilton-
jaobi equation for the lassial salar tensor ation Sgφ, but, in the limit orrespond-
ing to a xed bakground N = N∗ N i = N i∗ hij = h
∗
ij , the WDE doesn't pro-
vide neither the Hamilton-Jaobi equation (14) expeted assoiated to the semilas-
sial limit Ψ({h∗ij}, φ) = expi{(Σ0(φ))/h¯} (h¯ → 0), neither the appropriate quan-
tum dynamis on a xed bakground (10). in orrespondene to the wave funtional
Ψ = Ψ({h∗ij}, φ) ≡ χ(φ), whih instead provides
Hˆφχ = 0 Hˆφi χ = 0 (20)
This disrepany is due to the absene of a dependene on yµ in the ation Sgφ, whih
an not be learly restored anyway.
iv)At last we stress what is to be regarded as an intrinsi inonsisteny of the approah
above presented: the WDE is based on the primitive notion of spae-like hypersurfaes,
i. e. of a time-like normal eld, whih is in lear ontradition with the random behavior
of a quantum metri eld [21℄; indeed the spae or time harater of a vetor beomes a
preise notions only in the limit of a perturbative quantum gravity theory. This remark-
able ambiguity leads us to infer that there is inonsisteny between the requirement of
a wave equation (i. e. a wave funtional) invariant, like the WDE one, under spae
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dieomorphisms and time displaements on one hand, and, on the other one, the (3 +
1)-sliing representation of the global manifold.
The existene of these shortomings in the WDE approah, indues us to searh for
a better reformulation of the quantization proedure whih addresses the solution of
the above indiated four points as presriptions to write down new dynamial quantum
onstraints.
4 Reformulation of the Quantum
Geometrodynamis
We start by observing that, within the framework of a funtional approah, a o-
variant quantization of the 4-metri eld is equivalent to take the wave amplitude
Ψ = Ψ(gµν(x
ρ)); in the WDE approah, by adopting the ADM sliing of the spae-
time, the problem is restated in terms of the following replaement
Ψ(gµν(x
ρ))→ Ψ(N(t, xl), N i(t, xl), hij(t, xl)) . (21)
Then, sine the lapse funtion N and the shift vetor N i are yli variables, i. e.
their onjugate momenta pN and pN i vanish identially, we get, on a quantum level, the
following restritions:
pN = 0, pN i = 0 ⇒ δΨ
δN
= 0,
δΨ
δN i
= 0 ; (22)
by other words, the wave funtional Ψ should be independent of N and N i. Finally,
the super-momentum onstraint leads to the dependene of Ψ on the 3-geometries {hij}
(instead on a single 3-metri tensor hij).
The ritiism to the WDE approah, developed at the point iv) of the previous setion,
onerns with the ill-dened nature of the replaement (21). The ontent of this setion
is entirely devoted to reformulate the quantum geometrodynamis, by preserving the (3
+ 1)-representation of the spae-time, but avoiding the ambiguity above outlined in the
WDE approah.
Sine, as well known [13℄, the Hamiltonian onstraints Hg +Hφ = 0 and Hgi +H
φ
i =
0, one satised on the initial hypersurfae, are preserved by the remaining Hamilton
equations, then the above variational priniple (15) would be equivalent to a new one
with assigned lapse funtion and shift vetor (so loosing the Hamiltonian onstraint),
but with the speiation of a Cauhy problem satisfying these onstraints. Therefore
we fae the question of introduing an external temporal dependene in the quantum
dynamis of gravity, by addressing, in lose analogy to the approah disussed in Setion
2, the kinematial ation (5) as till present even in the geometrodynamis framework.
Therefore we adopt already on a lassial level the full ation
Sgφk =
∫
M4
{
πij∂thij + πφ∂tφ+ pµ∂ty
µ −N(Hg +Hφ + pµnµ)−N i(Hgi +Hφi + pµeµi )
}
d3xdt
(23)
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where nµ is to be regarded as a funtional of yµ(t, xi), but, dierently from the ase
of a xed bakground, now hij (like φ) are dynamial variables taken on t and x
i
. The
variation of this ation with respet to the variables hjj πij φ πφ provides the standard
Einstein-salar dynamis, the variation with respet to yµ and pµ gives rise respetively
to the relations (1) and ∂tpµ = −pνNδnν/δyµ + ∂i(N ipµ) and nally we have to vary
with respet to N and N i, so getting the onstraints
Hg +Hφ = −pµnµ Hgi +Hφi = −pµeµi (24)
However we observe that the equation ∂tpµ = −pνNδnν/δyµ + ∂i(N ipµ) is a linear
and homogeneous rst order dierential system whih ensures that if pµ is hosen to be
zero on the initial hypersurfae Σ3t0 then it will remain zero during the whole evolution
1
and the onsidered theory redues to ordinary general relativity. Thus we see how,
as argued above, the dierene in addressing the presene of the kinematial ation, re-
spetively to the anonial ase relies only on a dierent struture of the Cauhy problem.
The key point in our reformulation of the anonial quantization of gravity onsists
of assuming (24) be the appropriate quantum onstraints and individualizing the restri-
tion to be imposed on the initial wave funtional to get pµ ≡ 0 when onstruting its
semilassial expansion.
In agreement with these onsiderations we require that the quantum states of the
system be represented by a wave funtional Ψ = Ψ(yµ, hij, φ) whih, one performed
the anonial variables translation into the orresponding operators, satisfy the super-
hamiltonian and super-momentum onstraints
ih¯nµ
δΨ
δyµ
= (Hˆg + Hˆφi )Ψ ih¯e
µ
i
δΨ
δyµ
= (Hˆgi + Hˆ
φ
i )Ψ (25)
The seond of the above equations exprimes the non-invariane of the wave funtional
under spae dieomorphisms (i. e. xi′ = xi′(xi)) and therefore, sine we expet the
quantization proedure, even in a (3+1)-representation of spae-time, should yet preserve
the tensorial nature of the 3-geometry, then it is natural to require the left-hand-side of
of this equation vanish (on a lassial level it orresponds to the restrition pµ ∝ nµ ⇒
pµe
µ
i = 0); thus we take, as desribing the quantum geometrodynamis, the following
system of funtional dierential equations:
ih¯nµ
δΨ
δyµ
= (Hˆg + Hˆφi )Ψ (Hˆ
g
i + Hˆ
φ
i )Ψ = 0 Ψ = Ψ({hij}, yµ) (26)
where now the wave funtional is taken again on the 3-geometries ({hij}) related by
the 3-dieomorphisms.
These (4 × ∞3) equations, whih orrespond to a natural extension of the Wheeler-
DeWitt approah, have the fundamental feature that the rst of them is now a paraboli
1
We remark that if pµ vanishes on the initial hypersurfae, then this equation implies that all its initial
time derivatives vanish.
10
one and it is just this their property whih allows to overome some of the above disussed
limits of the WDE.
Though this set of equations provides a satisfatory desription of the 3-geometries
quantum dynamis, nevertheless it turns out onvenient and physially meaningful to
take, by (1), the wave funtional evolution along a one-parameter family of spatial
hypersurfaes lling the universe.
By (1) the rsts of equations (26) an be rewritten as follow (taking into aount
even the seond one of (26)):
ih¯
δΨ
δyµ
∂ty
µ = N(Hˆg + Hˆφ)Ψ (27)
Now this set of equations an be (heuristially) rewritten as a single one by integrating
over the hypersurfaes Σ3t , i. e.
ih¯∂tΨ = ih¯
∫
Σ3t
{
δΨ
δyµ
∂ty
µ
}
d3x = HˆΨ ≡
[∫
Σ3t
N(Hˆg + Hˆφ)d3x
]
Ψ (28)
The above equations (28) and (26) show how in the present approah the wave
funtional is no longer invariant under innitesimal displaements of the time variable.
Let us now show that the operator Hˆ is an hermitian one, i. e., in the bra-ket Dira
notation, it veries the relations
〈Ψ1 | HˆΨ2〉 = 〈HˆΨ1 | Ψ2〉 (29)
being Ψ1 and Ψ2 two generi solutions of equations (28) and (26).
We start by hoosing in Hˆg the following normal ordering for its kineti part
Gijklπ
ijπkl → −h¯2 δ
δhij
(
Gijkl
δ( )
δhkl
)
(30)
Hene we have
〈Ψ1 | HˆΨ2〉 ≡
∫
Ft
DhDφ
∫
Σ3t
d3xΨ∗1N(Hˆ
g + Hˆφ)Ψ2 (31)
where Ft denotes the funtional spae ({hij}, φ), as referred to the hypersurfae Σ3t ,
DhDφ the assoiated Lebesgue measure and Ψ∗ the omplex onjugate wave funtional,
whih satises the hermitian onjugate equation of (28) and (26) ones.
By observing that, as shown in [13℄ and easily hekable by repeating the analysis
below performed for the gravitational terms, Hˆφ is an hermitian operator, then it remains
to be analyzed the term (the funtional integrals on φ and h ommute with eah other
and both ommute with the spae integral )
2
:
∫
Ft
Dh
{∫
Σ3t
Ψ∗1
[
−16πGh¯
2
c3
δ
δhij
(
Gijkl
δΨ2
δhkl
)
−
√
hc33R
16πG
Ψ2
]}
(32)
2
The analysis of this setion and of the following one has an heuristi harater due to its funtional
approah and it should be made rigorous by an appropriate disretization on a lattie.
11
Sine Gijkl = Gklij, it is easy to hek the relation
∫
Σ3t
d3x
[
Ψ∗1
δ
δhij
(
Gijkl
δΨ2
δhkl
)]
= (33)
∫
Σ3t
d3x
[
δ
δhij
(
Ψ∗1Gijkl
δΨ2
δhkl
−Ψ2Gijkl δΨ
∗
1
δhkl
)
+
δ
δhij
(
Gijkl
δΨ∗1
δhkl
)
Ψ2
]
(34)
and then, assuming (as done for the matter eld φ [13℄) the validity in the funtional
spae ({hij}) of the funtional Gauss theorem (the wave funtional is required to vanish
on the boundary' of this spae):
∫
Ft
Dh
∫
Σ3t
d3x
δ
δhij
(...) = 0 (35)
we onlude the proof that Hˆ is an hermitian operator.
On the base of this results, by (28) we get
∂t〈Ψ1 | Ψ2〉 ≡
∫
Σ3t
d3x∂ty
µ δ
δyµ
〈Ψ1 | Ψ2〉 = (36)
〈∂tΨ1 | Ψ2〉+ 〈Ψ1 | ∂tΨ2〉 = i
h¯
(〈HˆΨ1 | Ψ2〉 − 〈Ψ1 | HˆΨ2〉) = 0 (37)
and the generi harater of the deformation vetor allows us to write the fundamental
onservation law
δ〈Ψ1 | Ψ2〉
δyµ
= 0 (38)
Thus we dened an inner produt whih turns the spae of the solutions to equations
(28) and (26) into an Hilbert spae (so removing the shortoming i) of the WDE). Indeed
now it is possible to dene the notion of a onserved funtional probability distribution
as:
̺(yµ, {hij}, φ) ≡ Ψ∗Ψ 〈Ψ | Ψ〉 = 1 δ〈Psi | Ψ〉
δyµ
= 0 (39)
Let us now reformulate the dynamis desribed by the equations (28) and (26) by
means of the eigenvalues problems for the equations (26) To this end we expand Ψ in
the following funtional representation:
Ψ(yµ, {hij}, φ) =
∫
∗Yt
DωΘ(ω)χω({hij}, φ)exp
{
i
h¯
∫
Σ3t
d3x
∫
dyµ(ωnµ)
}
(40)
where Dω denotes the Lebesgue measure in the funtional spae ∗yt of the onjugate
funtion ω(xi), Θ a funtional valued in this domain and nµ denotes the ovariant normal
vetor; indeed, one assigned nµ(yµ), the eld nµ an be written, in general, only formally
in a quantum spae-time.
Substituting this expansion into equations (26) we get the eigenvalues problems
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(Hˆg + Hˆφ)χω = ωχω (Hˆ
g
i + Hˆ
φ
i )χω = 0 (41)
Here ω(xi) is not a 3-salar, but it transforms, under 3-dieomorphisms, like Hˆg or
Hˆφ, so ensuring that ωd3x, as it should, be an invariant quantity.
Now we observe that, by (1), equation (40) rewrites
Ψ(yµ, {hij}, φ) =
∫
∗Yt
DωΘ(ω)χω({hij}, φ)exp
{
i
h¯
∫
Σ3t
d3x
∫ t
t0
dt′∂t′y
µ(ωnµ)
}
= (42)
Ψ({hij}, φ, t) =
∫
∗Yt
DωΘ(ω)χω({hij}, φ)exp
{
− i
h¯
∫ t
t0
dt′
∫
Σ3t
d3x(Nω)
}
(43)
being t0 an assigned initial instant.`
To the same result we ould arrive by hoosing, without any loss of generality, the
oordinates system (t, xi), i. e. y0 ≡ t , yi ≡ xi; indeed, for this system, the spatial
hypersurfaes have equation t = const, i. e. dyµ → (dt, 0, 0, 0) and we have n0 = N . By
other words the wave funtional (43) is to be interpreted diretly in terms of the time
variable t, i. e. Ψ({hij}, φ, t) and, in fat, it turns out solution of the wave equation
ih¯∂tΨ({hij}, φ, t) = HˆΨ({hij}, φ, t) (44)
The expansion (43) of the wave funtional and the eigenvalues problems (41) om-
pletely desribe the quantum dynamis of the 3-geometries.
Now to onlude our analysis, it needs to
reognize whih restrition should be imposed on the initial wave funtional, say
Ψ({hij}, φ}, t0) = Ψ0({hij}, φ) (t = t0 dening the initial hypersurfae) to get in the
lassial limit the ordinary general relativity, i. e. the quantum ounterpart of the
ondition pµ0 = 0.
To this aim we preliminary observe that, being Hˆ an hermitian operator the same
remains valid for Hˆg (by idential proof) and the funtionals χω are expeted to be an
orthonormal basis, i. e. 〈χω | χω′〉 = ∆(ω − ω′) (∆ denoting the Dira funtional), on
whih we an expand Ψ0; in fat we get the funtional relation Θ(ω) = 〈Ψ0 | χω〉.
As next step we express the wave funtional as follows
Ψ ≡ √ρexp
{
i
σ
h¯
}
(45)
being ρ and σ respetively the modulus and the real phase (up to h¯) of Ψ. By
substituting (45) into the equation (44) we get for its real part an expression of the
form:
− ∂tσ =
∫
Σ3t
{
NHˆJσ +
[
N√
ρ
(Hˆg + Hˆφ)
]√
ρ
}
d3x (46)
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where by HˆJ we denote the Hamilton-Jaobi operator; we stress how, in the above
equation, the terms relative to the funtional ρ ontain, dierently from the Hamilton-
Jaobi one, h¯, as well as the imaginary part of (44) (whih is an evolutive equation for
ρ).
Now we observe that one assigned σ0 ≡ σ({hij}, φ, t0), equation (46) allows to alulate
on Σ3t0 (∂tσ) |t=to and, by iteration, all higher order time derivatives; thus we an expand
σ in powers of t near enough to the initial hypersurfae, i. e. :
σ =
∞∑
n=0
1
n!
(∂t)
nσ |t=t0 (t− t0)n (47)
This expression permits to extend the solution toward the future by reassigning the
Cauhy data in t0 + ∆t ,∆t ≪ 1, and then iterating the proedure indenitely. But if
we require that σ0 satises the restrition
HˆJσ0 = 0 (48)
than we get
∂tσ |t=t0= terms ∼ O(h¯) + ... ⇒ σ = σ0 + terms ∼ O(h¯)(t− t0) + ... (49)
This result ensures in the semilassial limit h¯→ 0 the envolutive nature of the wave
funtional phase, i. e. σ = σ0 (the same is not true for the modulus ρ whih remains an
evolutive variable even in this limit). Thus an initial wave funtional whose modulus is
a generi one, but whose phase satises the Hamilton-Jaobi equation (48) provides a
quantum evolution ompatible with the lassial limit of general relativity.
However we have to note that to retain the invariane under the 3-dieomorphisms
of the quantization proedure prevents, in general, the ahievement of a orret limit
for the quantum eld theory on a xed bakground; indeed (26) provides, on a xed
bakground, the right dynamis (10) only in those referene frames for whih N i = 0.
We onlude our reformulation of the quantum geometrodynamis, by emphasizing
how, a restrition on the initial wave funtional phase σ0 (as the one required to get the
lassial limit of general relativity), does not orrespond to a real loss of physial degrees
of freedom on Σ3t0 , sine the only meaningful information we an provide on the initial
quantum onguration of the system, onsists of the funtional probability distribution
ρ0 (whih, to get the lassial limit, should be peaked around a spei solution of the
Einstein equations).
5 The Multi-time and Shrödinger Approah
In this setion we provide a shemati formulation of the so-alled multi-time approah
and of its smeared Shr"odinger version, in view of a omparison with the proposal of
previous setion.
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The multi-time formalism is based on the idea that many gravitational degrees of
freedom appearing in the lassial geometrodynamis have to be not quantized beause
are not real physial ones; indeed we have to do with 10 ×∞3 variables, i. e. the values
of the funtions N N i hij in eah point of the hypersurfae Σ
3
, but it is well-known
that the gravitational eld possesses only 43 physial degrees of freedom (in fat the
gravitational waves have, in eah point of the spae, only two independent polarizations
and satisfy seond order equations).
The rst step is therefore to extrat the real anonial variables by the transformation
{
hij π
ij
}
→ {ξµ πµ} {Hr P r} µ = 0, 1, 2, 3 r = 1, 2 , (50)
where Hr, P
r
are the four real degrees of freedom, while ξµ πµ play the role of em-
bedding variables.
In terms of this new set of anonial variables, the gravity-matter ation (15)
rewrites
Sgφ =
∫
M4
{
πµ∂tξ
µ + P r∂tHr + πφ∂tφ−N(Hg +Hφ)−N i(Hgi +Hφi )
}
d3xdt , (51)
where Hg = Hg(ξµ, πµ, Hr, P
r). and Hgi = H
g
i (ξ
µ, πµ, Hr, P
r).
Now we provide an ADM redution of the dynamial problem by solving the Hamil-
tonian onstraint for the momenta πµ
πµ + hµ(ξ
µ, Hr, P
r, φ, πφ) = 0 (52)
Hene the above ation takes the redued form
Sgφ =
∫
M4
{P r∂tHr + πφ∂tφ− hµ∂tξµ} d3xdt . (53)
Finally the lapse funtion and the shift vetor are xed by the Hamiltonian equations
lost with the ADM redution, as soon as, the funtions ∂tξ
µ
are assigned. A hoie of
partiular relevane is to set ∂tξ
µ = δµ0 whih leads to
Sgφ =
∫
M4
{P r∂tHr + πφ∂tφ− h0} d3xdt . (54)
The anonial quantization of the model follows by replaing all the Poisson brakets
with the orresponding ommutators; if we assume that the states of the quantum system
are represented by a wave funtional Ψ = Ψ(ξµ, Hr, φ), then the evolution is desribed
by the equations
ih¯
δΨ
δξµ
= hˆµΨ , (55)
where hˆµ are the operator version of the lassial Hamiltonian densities.
In its smeared formulation the multi-time approah redues to the following Shrödinger
equation
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ih¯∂tΨ = 〈ˆΨ Ψ = Ψ(t, Hr, φ) . (56)
Here 〈ˆ denote the quantum orrespondene to the smeared hamiltonian
〈 =
∫
M4
{hµ∂tξµ} d3xdt . (57)
Now, observing that the rst of equations (26) an be rewritten as follows
ih¯
δΨ
δyµ
= −nµ(Hˆg + Hˆφi )Ψ , (58)
it exists a orrespondene between the above multi-time approah and our proposal,
viewed by identifying the formulas (23)-(54), (58)-(55) and (28)-(56). But the following
two key dierenes appear evident: i) the embedding variables yµ are added by hand,
while the orresponding ones ξµ ome from non-physial degrees of freedom; ii) the
hamiltonians H and 〈 (as well as their orresponding densities) desribe very dierent
dynamial situations.
We show expliitly the parallel between these two approahes by their implementation
in a minisuperspae model: a Bianhi type IX Universe ontaining a self-interating
salar eld. By using Misner variables (α, β+, β−) [3℄ the lassial ation desribing this
system reads:
S =
∫ {
pαα˙+ pβ+ β˙+ + pβ−β˙− + pφφ˙− cNe−3α
(
−p2α + p2β+ + p2β− + p2φ + V (α, β±, φ)
)}
dt c = const. ,
(59)
where
˙( ) ≡ d( )/dt and the preise form of the potential term V is not relevant for
our disussion.
For this model, sine the Hamiltonian density is independent of the spatial oordinates,
then the multi-time approah and its smeared Shrödinger version overlap, the same
being true in our formalism.
In the spirit of our proposal the quantum dynami of this model is desribed by the
equation
ih¯∂tΨ = cNe
−3αh¯2
{
∂2α − ∂2β+ − ∂2β− − ∂2φ + V
}
Ψ Ψ = Ψ(t, α, β±, φ) , (60)
to whih it should be added the restrition that the initial wave funtion phase
σ0 = σ0(α, β±, φ) satises the Hamilton-Jaobi equation
{
−(∂α)2 + (∂β+)2 + (∂β−)2 + (∂φ)2
}
σ0 + V = 0 . (61)
In this sheme N(t) is an arbitrary funtion of the label time to be speied when
xing a referene.
To set up the multi-time approah we have to preliminarily perform an ADM redu-
tion of the dynamis (59). By solving the Hamiltonian onstraint obtained varying N ,
we nd the relation
16
− pα ≡ hADM =
√
p2β+ + p
2
β−
+ p2φ + V . (62)
Therefore ation (59) rewrites as
S =
∫ {
pβ+β˙+ + pβ−β˙− + pφφ˙− α˙hADM
}
dt , (63)
Thus we see how α plies the role of an embedding variable (indeed it is related to the
Universe volume), while β± are the real gravitational degrees of freedom (they desribe
the Universe anisotropy).
By one of the Hamiltonian equation lost in the ADM redution (i. e. when varying pα
in (59)), we get
α˙ = −2cNe−3αpα = 2cNe−3αhADM . (64)
Hene by setting α˙ = 1, we x the lapse funtion as
N =
e3α
2chADM
. (65)
The quantum dynamis in the multi-time approah is summarized by the equation
ih¯∂αΨ =
√
−h¯2(∂2β+ + ∂2β− + ∂2φ) + VΨ Ψ = Ψ(α, β±, φ) . (66)
We stress that in this multi-time approah the variable α, i. e. the volume of the
Universe, behaves as a time-oordinate and therefore the quantum dynamis an not
avoid the Universe reahes the osmologial singularity (α→ −∞). On the other hand,
in the formalism we proposed, α is on the same footing of the other variables and are
admissible stationary states for whih it is distributed in probabilisti way.
This feature reets a more general and fundamental dierene existing between the two
approahes: the multi-time formalism violates the geometrial nature of the gravitational
eld in view of real physial degrees of freedom, while the proposed quantum dynamis
implements this idea only up to the lapse funtion and the shift vetor, but preserves
the geometrial origin of the 3-metri eld.
6 Physial Interpretation of the Model
A fundamental question we have to answer is about the physial meaning of the kinemat-
ial variables adopted in the present reformulation of the quantum dynamis. Indeed in
the multi-time approah the orresponding embedding variables have no physial mean-
ing sine they do not represent any physial degree of freedom, but simply equivalent
ways to represent the same real dynamis in the spae-time.
However, in our ase, these variables have been added by hand to the geometrodynam-
is and provide, in general, a violation of the lassial symmetries; more preisely, by
restriting, as in (48), the initial phase of the wave funtional, we violate the symmetry
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of general relativity only on a quantum level and they are restored on a lassial limit,
when h¯→ 0.
A viable point of view is to regard this feature of the dynamis as a presription of
the nature; by other words we may argue that the only experimental knowledge at our
disposition onerns the lassial dynamis only (whih therefore is to be restored any-
way), but noting we know, in priniple, about the quantum behavior of gravity (whih,
in the proposed paradigm we presribe to be summarized by the present equations).
Another, more physial, point of view relies on observing that any dynamial term
able to deform the dynamis of an assigned system with dierent issues for its evolution,
should have a preise physial meaning and an be identied with some kind of eld. In
what follows, we address this last way of thinking and argue the kinematial term an be
interpreted as a matter uid, in lose analogy with the so-alled Gaussian referene uid
whih was rst proposed by K. Kuhar and his ollaborators, see [20, 14℄. In this spirit
the restrition (48) is no longer a key requirement for the onsisteny of the theory,
but the validity of the idea requires that this material omponent be experimentally
deteted.
We start by shematially reviewing the Gaussian referene approah. In a system
of Gaussian oordinates {T ,X i} (i = 1, 2, 3), the line element of a generi gravitational
eld takes the form
ds2 = −dT 2 + hij(T,Xk)dX idXj , (67)
and therefore suh a system is obtained from a generi one by imposing the ovariant
Gaussian onstraints
gµν∂µT∂νT = −1 gµν∂µT∂νX i = 0 . (68)
In the above formula we adopted the notation ∂µ ≡ ∂ /∂yµ, being yµ generi oordi-
nates to whih it orresponds the metri tensor gµν .
The idea now onsists into add this onstraint to the gravity-matter ation (i.
e. into requiring the latter be restrited to Gaussian referenes) via four Lagrangian
multipliers M and M i; thus we onsider an additional ation term of the form
S(G) =
∫
M4
{
M(gµν∂µT∂νT − 1) +M i(gµν∂µT∂νX i)
}
d3xdt . (69)
A areful analysis of the whole variational problem, leads [20℄ to dynamial on-
straints of the form
pT + hT = 0 pXi + hxi = 0 , (70)
where pT and pXi denote the onjugate momenta respetively of the variables T and
X i, while hT and hXi orrespond to linear ombinations of the super-hamiltonian and
the super-momentum with oeients depending on T , X i and the 3-metri hij. The
linearity of the above onstraints with respet to the added momenta, allows to perform
a satisfatory quantization of the model in the spirit of a Shrödinger-like formalism.
The physial interpretation of this proposal relies on regarding the added term as a
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kind of uid whih interat with gravity. Though this point of view is aeted by some
shortomings (indeed this uid has a quite peuliar dynamis), nevertheless it provides
an appropriate notion of referene uid lok.
The link of our formalism with the above Gaussian referene uid onsists of the ob-
servation that in Gaussian oordinates the spatial Hypersurfaes have equation T (yµ) =
const. and therefore the quantity ∂µT desribes the ovariant normal eld nµ, while the
gradients ∂µX
i
are provided via the reiproal vetors eiµ as ∂µX
i = eiµ + (N
i/N)nµ.
Hene it is natural to argue that our kinematial term orresponds to a generi referene
uid, having an assoiated time-like vetor nµ, for whih the rst of (68) is generalized
to the normalization ondition gµνnµnν = −1; the seond ondition (68) does not hold
for a generi uid sine we have gµνnµ∂µX
i = nµ[eiµ + (N
i/N)nµ] = −N i/N 6= 0. Our
parallel with the Gaussian referene uid beomes preise by stressing how, in our ase,
the normalization ondition for nµ should not be added as a onstraint (by some La-
grangian multiplier); indeed it is ensured by the relation (1), obtained when varying the
kinematial ation with respet to pµ.
We reall that the dynamis of the generi uid referene is desribed by the Hamiltonian
equations
∂ty
µ = Nnµ +N i∂iy
µ ∂tpµ = −pνNδnν/δyµ + ∂i(N ipµ) . (71)
One assigned the vetor nµ as a funtional of yµ and the funtions N(t, xi) N i(t, xi),
we an solve the rst of these equations to get the kinematial variables yµ = yµ(t, xi);
Hene by substituting this information into the seond Hamiltonian equation and solving
it, we get the momentum pµ = pµ(t, x
i).
In order to outline the relation existing between this system of Hamiltonian equations
and the dynamis of a uid, we multiply the seond of (71) by nµ, so getting via the
rst one
nµ[∂tpµ + pνNδn
ν/δyµ − ∂i(N ipµ)] = ∂t(pµnµ)− ∂i(N ipµnµ) = 0 . (72)
Hene by setting pµn
µ = −ω¯ and labeling with barred indies µ¯, ν¯, ... all the quantities
in the oordinates t, xi, we rewrite the above equation as follows
∂t(pµn
µ)− ∂i(N ipµnµ) = −∂µ¯(Nω¯nµ¯) = 0 ⇒∇µ¯(εnµ¯) = 0 , (73)
where ε ≡ ω¯/√h denotes a real 3-salar and ∇ refers to the ovariant 4-derivative.
By the ovariane of this equation, we should have in general
∇µ(εnµ) = −nµ∇νtνµ = 0 , (74)
being tνµ ≡ εnµnν the energy-momentum tensor of a dust with energy density ε and
four-veloity nµ = nµ(t, xi). The real orrespondene of this tensor with the kinematial
term, i. e. with the generi uid referene, omes out when observing, rst that the
requirement eµi δΨ/δy
µ = 0 implies, on a lassial level pµe
µ
i = 0 and then how the
kinematial term −pµnµ, appearing on the right-hand-side of the super-Hamiltonian
onstraint an be rewritten in the expressive form
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− pµnµ = ω¯ =
√
hε =
√
htµνn
µnν =
1
N2
√
htµν∂ty
µ∂ty
ν =
1
N2
t0¯0¯ = −
√
ht0¯0¯ (75)
(of ourse, apart from t0¯0¯, all the other omponents tµ¯ν¯ vanish identially).
Therefore the super-Hamiltonian onstraint aquires the familiar expression
Hg +Hφ − ω¯ = Hg +Hφ +
√
ht0¯0¯ = 0 . (76)
Thus we see how the generi referene uid, having the energy-momentum tensor of
a dust uid, ontributes to the full super-Hamiltonian by a quantity like the one due to
a spae-time dependent osmologial term, oiniding with its energy density.
In the light of these onsiderations, the requirement that pµ vanishes identially
implies that ε ≡ 0 and therefore suh a referene uid does not interat with gravity
by its energy-momentum; by a purely phenomenologial point of view, in this ase, it
behaves like a test matter eld, whose kinematis is xed by (1).
This identiation with a referene uid allows us to ahieve the fundamental result
of upgrading the formal time yµ to a real physial lok.
Finally we stress the following two points:
i) The momentum equation is equivalent to the onservation law for the dust energy-
momentum tensor and therefore provides the behavior of ε. For a Gaussian system this
equation yields ε = c(xi)/
√
h ⇒ ω¯ ≡ c(xi), being c a generi spae funtion; This
behavior is just the one of a dust energy density, but it is worth noting that our analysis
does not oblige ε to be a positively dened quantity.
ii) The lassial limit of the super-Hamiltonian equation (26) provides an Hamilton-
Jaobi equation where the eigenvalue ω oinides (see (76) with the funtion ω¯ taken on
a spei hypersurfae.
7 Conluding Remarks and a Simple model
As outoming of our analysis, we get a reformulation of the anonial quantization of
gravity in whih is removed the so-alled frozen formalism typial of the WDE, i. e. the
wave funtional beomes evolutive along a one-parameter family of spatial hypersurfaes
lling the spae-time and an be expressed in terms of a diret dependene on the
parameter t labeling the sliing (this result provides a solution to the shortoming of the
WDE emphasized at the point ii)); indeed the existene of an Hilbert spae assoiated to
the solutions of the restated equation an be regarded as a onsequene of the non-frozen
formalism here obtained (resulting into a paraboli nature of the super-hamiltonian
quantum onstraint).
Instead of these suessful results, the WDE shortoming indiated at the point iii) is
overome only with respet to those referene frames where the shift vetor vanishes; the
reasons for this inompleteness are to be regarded as a diret onsequene of retaining
in the quantum geometrodynamis the invariane of the wave funtional under the 3-
dieomorphisms.
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Of ourse the relaxation of this restrition is a possible issue of an extended theory;
here we do not address this point beause it implies some non-trivial ompliations
in onstruting an Hilbert spae (at least on our heuristi level), but overall beause
it would orrespond to leave a priori the notion of a ovariant 3-geometrodynamis,
without any strong physial motivation to pursue this way (indeed we are fored to
relax the time displaement invariane by the inompatibility of a quantum spae-time
and the (3 + 1)-sliing notion).
However the main goal of our analysis is ahieved by removing the shortoming of
the WDE stated at the point iv), i. e. now the quantization proedure takes plae in a
xed system (indeed only the lapse funtion should be speied, while the shift vetor
an assume a generi value) and no ambiguity survives about the time-like harater of
the normal eld; by other words, in this new approah it is possible to quantize the 3-
geometry eld on a xed family of spatial hypersurfaes (orresponding to its evolution
in the spae-time), beause this quantization sheme does not ontradits the strong
assumption of a (3 + 1)-sliing of the 4-dimensional manifold.
The disussion presented in Setion 6, about the interpretation of the kinematial
variables as a generi referene uid lok, has the very important merit to transform
a working formalism into a possible experimental issue; however it should be supported
by further investigation on the physial onsequenes the lok uid has when referred
to spei ontexts: indeed the question about the appropriate denition of a referene
frame in a quantum spae-time is a really subtle one (see for instane [22, 23℄);
In spite of this available physial issue (ensured by the uid interpretation), we
emphasize how to have found the (non-physial) restrition on the initial wave funtional
phase (48), whih ensures the lassial limit oiniding with general relativity, is essential
for the onsisteny of the whole approah; in fat the physial meaning of this result
onerns the fundamental ahievement of restoring, on a lassial level, the invariane
of the theory under the time displaements, whih is instead broken by the quantum
dynamis.
We onlude by observing how the funtional nature of all our approah implies it
has (like in the WDE) a heuristi value; but it appear rather reasonable that it an
be made rigorous when reformulated, in a disrete approah, as a theory on a suitable
lattie.
Though is out of the aim of this paper to fae this problem, (to be regarded as a
fundamental subjet of further investigations), nevertheless we here suggest that the
best method to reformulate the quantum dynamis on a disrete level, seems to be via
the Regge alulus [24, 25℄ as applied to the 3-geometry eld. The physial justiation
for a disrete approah to quantum gravity relies on the expetation that the spae-time
has a lattie struture (or a granular morphology) on a Plankian sale.
At the end of this work we provide an appliation of the obtained theory to the
quantization of a very simple model, desribed by the following line element:
ds2 = N(t)2dt2 − r(t)4/3δijdxidxj , (77)
where δij denote the Kröneker matrix and the at hypersurfaes t = const. are
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taken to have a losed topology, i. e. 0 ≤ xi < 2πL (i = 1, 2, 3) (L = const. is the radius
of the three yrles and has the dimensionality of a length). We allow r belongs to the
positive real axis 0 ≤ r <∞ (sine the metri is invariant under the exhange r → −r.
The ADM ation desribing the vauum dynamis of this 1-dimensional model,
reads in the simple form
S = −π
2L3c3
2G
∫
r˙2dt =
∫ {
prr˙ − GN
2π2L3c3
(−p2r)
}
dt , (78)
where
˙( ) ≡ ∂t( ) and pr denotes the onjugate momentum to the variable r.
From a lassial point of view this model orresponds to the Eulidean 3-spae (to
whih is assoiated a generi time variable) sine r˙ ∝ pr = 0⇒ r = r0 = const. and the
orresponding Hamilton-Jaobi equation and solution read
(
dσ
dr
)2
= 0⇒ σ = σ0 = const, . (79)
The quantum dynamis of the model is desribed by equation (28), whih, in the
present ase redues to the very simple form:
ih¯∂tΨ(t, r) =
Nh¯2
2µ
∂2rΨ(t, r) µ ≡
π2L3c3
G
. (80)
Apart from the negative nature of its hamiltonian, we see how this quantum gravity
model orresponds to the free nonrelativisti partile; the general solution of the above
equation reads in the following wave-paket form:
Ψ(t, r) =
1√
h¯
∫ ∞
−∞
dpϕ(p)exp
{
i
h¯
(
pr +
p2
2µ
∫ t
t0
N(t′)dt′
)}
, (81)
where ϕ(p) is determined by the relation
ϕ(p) =
1√
h
∫ ∞
0
drΨ0(r)exp
{
−ipr
h¯
}
Ψ0(r) ≡ Ψ(t = 0, r) . (82)
Sine Ψ (as well as Ψ0) should verify the boundary onditions Ψ(r = 0) = 0 (in
addition to Ψ(r → ∞) = 0), then ϕ should be antisymmetri in its argument, i. e.
ϕ(−p) = −ϕ(p).
In terms of the expression (82) and by hoosing the synhronous gauge N = c
(t → T ), we may rewrite the wave funtion (81) as follows (taking into aount the
expression for µ and setting T0 = 0):
Ψ(T, r) = eiσ0/h¯
1
2π
∫ ∞
0
dr′χ0(r
′)
∫ ∞
−∞
dxexp
{
i
[
x(r − r′) + x2 cT lP l
2
2π2L3
]}
, (83)
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where lP l denotes the Plank length (lP l ≡
√
Gh¯/c3) and, in agreement with the
restrition (48), we set
Ψ0 = χ0e
iσ0/h¯ , (84)
being χ0 a real funtion subjeted only to the boundary onditions χ0(r = 0) = 0
and χ0(r →∞) = 0.
At last, it is worth noting that, for any xed T , takes plae the (intriguing) limit
lim
(cT lPl
2/L3)→0
Ψ(T, r) = Ψ0(r) , (85)
where the initial probability distribution χ20 an eventually be regarded as strongly
peaked around a xed value r = r0.
We are very grateful to Brye DeWitt for his valuable omment on the topi faed
by this paper.
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